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Abstract 

The following result is proved: 

Theorem. Let D C M 3 be a bounded domain homeomorphic to a ball, \D\ be 
its volume, IS"! be the surface area of its smooth boundary S, D C Br := {x : \x\ < 
R}, and Hr is the set of all harmonic in Br functions. If 

If If 

hdx = — — / hds V/i G Hr, 



\D\ Jd \S\ j s 

then D is a ball. 

1 Introduction 

Consider a bounded domain D C MJ 1 , n = 3, with a boundary 5. The exterior domain is 
D' = M?\D. Assume that S is Lipschitz. Let iV be the exterior unit normal to S. Our 
result is: 

Theorem. Let D be a bounded domain homeomorphic to a ball, \D\ be its volume, 
\S\ be the surface area of its smooth boundary S, D C Br := {x : |x| < R}, and Hr is 
the set of all harmonic in Br functions. If 

If If 

— — / hdx = —- / hds Wh e Hr, (1) 



D\ J D \S\ 



s 



then D is a ball. 

We prove this theorem using the result from [1] and the following lemmas: 

Lemma 1. The set {h\s}\/heH R is dense in L 2 (S). 

For convenience of the reader let us formulate the result from [1]: 
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Lemma 2. If D is homeomorphic to a ball and 

Au = j-^jj- in D, u\s = 0, ujy\s = const, 

then D is a ball. 

The result is valid for D G K™, n > 2, and its proof is essentially the same. If D is a 
ball, then formula (1) holds and both integrals are equal to /i(0), where the origin is at 
the center of the ball (mean- value theorem for harmonic functions). 

In the next Section proofs are given. 



2 Proofs 

Proof of Lemma 1. Assume the contrary. Then there exists an / such that J s fhals = 
for all h G H R . Take h = 47r |^_ y | where y G B' R := M 3 \ B R is arbitrary. Then 



Since w is harmonic in D', it follows that w = in D' . Since w is harmonic in D, it 
follows that w = in D. By the jump formula for the normal derivative of the simple- 
layer potential, one concludes that / = 0. Lemma 1 is proved. □. 
Proof of Theorem 1. Let u be the unique solution to the problem: 

Au = in D, u\ s = 0. (2) 

Multiply (2) by an arbitrary h G H R) integrate over D, then by parts, use the bound- 
ary condition (2) and get: 

— — / hdx = I u^hds VTi G H R . (3) 
\D\ Jd Js 

By (1) this implies: 



(u N - j^-) hds = Vh G H R . (4) 



'S 

By Lemma 1, equation (4) implies 



I SI 



Un = \s\ 011 S ' ^ 

By Lemma 2, equations (2) and (5) imply that D is a ball. Theorem 1 is proved. □ 
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